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ABSTRACT: In the present paper, we prove fixed point theorems based on rational expressions for
contraction mapping in parametric space. Moreover, we provide an example to furnish our result and

usability of our result.
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I. INTRODUCTION

Let A#@ andT:A— A is a mapping, then a point
p*€A st Tp*=p* is a fixed point of mapping T. If
T:A— A is a multi-valued map (i.e. from A#=0 is a
subsets of 4), then point p* € A is afixed point of
mapping T if p* € Tp*. Most of the physical problems
can be transferred to fixed point equation. Properly its
origin goes back to the starting of 20" century as an
important part of nonlinear study. Fixed point theory has
mesmerized lots of researchers. In 1922, Banach
(Polish mathematician) celebrated his most famous
principle which is known as Banach contraction
principle [1], to find a fixed point of a map. Only lagoon
of Banach contraction principle was the mapping T must
be continuous throughout space. A Banach contraction
principle every popular among researchers and helpful
in fixed point theory. Kannan [2], rectified the lagoon of
Banach contraction principle and proved a fixed point
theorem for operators that need not be continuous.
Further, Chatterjea [3], proved a result for discontinuous
mapping which is a kind of dual of Kannan mapping. A
lucid survey shows that there exists a vast literature
available on fixed point theory. Fixed point theorems are
main concerned about existence and uniqueness of a
point in a non empty set. They are applicable in iteration
methods, partial differential equations, integral
differential equations, variational inequalities etc. There
are lots of authors who extended the Banach
Contraction Principle in different directions. Since
Banach contraction principle has seen many extension
and generalization in different space [4-19].

In many are the concept of metric space is generalized.
In last few years, different generalized metric space has
been developed by different authors by changing
triangular inequality using different approach. Some
generalized metric space are D-metric, D*metric space,
b metric space, b-lke metric space, partial metric
space, partial b-metric space, quasi partial b metric
space, Cone metric, Generalized cone metric space,
etc.

Wang et al., [25], introduced and defined the expansive
mapping on complete metric space and proved some
fixed point theorems. Moreover, Daffer and Kaneko [26]
proved some fixed point results for couple of mappings
on complete metric space using expansive mapping.

Recently, the idea of a parametric metric space gave by
Hussian [27], in 2014 and proved some fixed point
theorems on parametric metric space. Furthermore,
information on parametric metric space we suggest the
reader [28-30]. In the present paper, we prove fixed
point theorems with contraction condition in parametric
metric spaces.

Il. PRELIMINARIES

Before going to the main results, here are some
definitions, lemmas, properties and examples in sequel,
most of are taken from the work of [27]. All the basic
definitions will be useful for us to understand the work
presented in the next section.

Definition 2.1: Let A # @ and let a function T,: A X A x
(0,) = [0, ] then, T, is called parametric metric space
in A if
1. Tp(fog.t) =0 iff f.=g.
3. T,(fugut) < Ty(fi, h,t) + Ty(hy, g.,t)
forall f,,9.,h, € Aand allt > 0.

Pair (4,T,) is called parametric metric space.
Example 2.2: Let A = R?for any a = (o4 (), a5 (1)),
B = (B:1(t),B2(t)) and define the functionT,:A x A x
(0,+%) > [0, +=) by
Ty(a, B,t) = lag(6) — B1 (O] + |y (t) — B2 (D)
Va,B €Aand allt >0. ThenT, is parametric metric in
Aand(A,T,) is parametric metric space.
Proof: For all a(t),8(t),y(t) € A, we have
() Tp(a, B,t) = 0 = |ag (t) — B (O] + |z (£) — B2()| = 0
= |ay () = B1(8)] = 0 and |a,(t) — B ()| = 0
= a,(6) —f1(t) =0and a,(t) — B,(t) =0
= a,(t) = B1(t) and a, (t) = B ()
(1D Tp(a, B, 6) = lay (&) — By (O] + |z (£) = B (O]
= |=(8.(0 — s )|+ 1= (B2(6) = 2z ()]
= f1(0) = a; (O] + | B2(O) — 2, (B)]

=Ty, (By, a1, t) + T, (B2, @z, t)
(iii) Ty (@, B, t) = lay () — B (D] + |y () — B, (1)
N AGES AGI RSN AGEY AGI R AGESAG]
+ | v2(®) = B2 (D)
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= Tp(ar]/r t)+ Tp(yrﬁr t)

All the condition is satisfying the property of parametric
metric space. Then, T,(a,B,t)is called parametric
metric space.
Definition 2.3: Consider {¢;} be a sequence in
parametric metric space (4,T, ) if

1. {a;} is known as convergent to a € 4 as,

}-Lnlaf =0,V t>0if }Lr{lch(aj,a,t) =0
2. {a;} is known as Cauchy sequence in A
if v t> 0, if limj‘i_m Tp(aj,ai,t) = 0.
3. Every Cauchy sequence (4,T,) is a

convergent sequence then that sequence
(A,T,) is called complete.

Definition 2.4: Let (4,7, ) is a parametric metric space
and a function T: A — A is continuous at a € 4, if for any
sequence {a;} in A s.t

lima; = a thenlimTa; =Ta
joo Jjoeo

Lemma 2.5: Let construct a sequence {m,}in a
parametric metric space(4,T,) s.t

Tp(mkrmk+1rt) < th(mk—lrmkrt)
Where,h € [0,1) and k =1,2,3.....
Then {m,} is a Cauchy sequence in (4,T,)
Verification: Let k > [ > 1, it follows that
Tp (mkrmlr t) < Tp (mkrmk+1r t) + Tp (mk+1rmk+2r t)

+ (ml—lrmlrt)

< (R + RE*T L R T, (g, my, £)
vV t > 0.Since h < 1. Assume that T,(m,,my,t) > 0. By
taking limy, .., we get

lim T,(my,m;,t) =0
[y p( k 1 )

As a result, {m;} is a Cauchy sequence in A. Also if
T,(mg,my,t) = 0 thenT,(my,m,t) =0 V k >1
Hence {m,} is Cauchy sequence in A.

lIl. MAIN RESULT

The objective of this section is to prove some fixed point
results for continuous function as well as satisfy the
contraction conditions by considering the self-mapping
on parametric metric space.

Theorem 3.1: Let (A,T,)is a complete parametric
metric space and mapping T: A — Ais a continuous then
it satisfied the below condition:
T,(Ta,Th,t) < a,T,(a,b,t) + ay[T,(a,Ta,t) +
T,(b,Th,t)] + as[Ty(a,Th,t) + T,(b,Ta,t)] +

T, (a,b,t)T,(a,Th,t) T, (a,Th,t)T,(b,Th,t)
tay [T:(a,b,t)+:‘p(b,Tb,t) S[T:(a,,b,t)+T:(b,Tb,t)] (1)
Where ay, ay, a3, a4, as = 0 witha, + 2a, + 4a5 + a,
+as;<1 for all a,beA. and t>0. Then T has a
unique fixed point.
Proof: Let m, be an initial point and {m;} is a sequence
such that m; = Tm;_, = T/m,. If there is a point m, € A
such that m; = m;,,, then m; is a fixed point. Therefore
there is no need to precede further, Otherwise —m; #
m;,4. Using the inequality (1), we have
T,(a, b,t) = Ty(Tm;, Tmj, 4, t)< aiTp(m-,ij,t)

+a, [Tp (mj,ij, t) + T, (mj+1,ij+1, t)]
+ as [Tp (m-,ij+1,t) +T, (mj+1, ij,t)]
ta [ Tp(m-,mj+1,t).Tp(m-,ij+1, t) ]
1T (my,my, 8) + T (a0, Ty, 1)
T (1, Ty, £). Ty (M0, Ty, t)
s Tp(m-,mj+1,t) + Tp(mj+1,ij+1,t)
< aiTp(m-,ij,t)
+a, [Tp (m-,mj+1, t) + T, (mj+1,mj+2, t)]
+aj [Tp (m-,mj+2, t) + T, (mj+1,mj+1, t)]
4 a4[ Ty (mj, My, )T (11, ), ) ]
Tp(m-,mj+1,t) + Tp(mj+1,mj+2,t)
Tp(m'rmj+2rt)Tp(mj+1rmj+2r t)
Tp(mj,mj+1,t) + Ty (M1, My, £)
< aiTp(mj,ij, t)
[T (my, My, 8) + T (10,40, 8) |
+2a3[Tp(m-,mj+1,t) + Tp(mj+1,mj+2,t
+ a4Tp(m-,mj+1, t) + asT,(Mjyq, Mjyp t)
T (Mg Mg ) < a1+a2+2a3+a4T(m‘m. 0
PRI T2 S = (ay + 25+ ag) PO
aj+az+2az+ay,

Let h =
1-(a,+2az+as)
as < 1.Therefore
Tp(mj+1rmj+2rt) < th(m'rmj+2rt)
Similarly
Tp(mj,mj+1,t) < th(mj_1,mj,t) < hsz(mj_i,mj,t)
Using iteration up to j times,
T, (mj, mjyq,t) < hJTp(mo,m1,t)
where, 0<h<1 and t >0 =h/ - 0as j - c.Using
lemma 2.5 sequence {m;} is Cauchy sequence. So 3
W such that m; > uas j - oo. Next, we will show that
u is a fixed point of T. For that m; > uas j - .By
means of continuity into T, we have

+ as

where h = a; +2a, +4a;+a, +

lim Tm =Tu
Jjooo
limm;,,, =Tu
joo

Then, Tu = u, then p is a fixed point of T.
For uniqueness, let pandp be the two fixed point of
Tfor u # p,we have
Tp(.urpvt) < alTp(.urp! t) + aZ[Tp(.uer!t) + Tp(per! t)]
Tp (W,p,t).Tp (WTp,t)
taz [Tp (W Tp,t) + T, (p, Tis, t)] ta, [7%(#“)‘0”“‘)1@0
a T,(u,Tp, t). T, (p, Tp, t)
ST, (1, p,t) + Tp(p, Tp, £)
As u and p are fixed point of T.
Therefore, by above equation we have,
T,(uu,t) = 0and T,(p,p,t) =0
So, above equation become
(o t) < [ay + a5 +aulT(u,p,t) + asTy(p,u, t)

(2)
Similarly
Lo t) < [ay + as +au]T(p, 1, ) + asTy(w p, £)
)

Subtract (2) from (1)
T, p, ) — T, (p, 1, )|
< |(ay + as + ay) — asl|T,(u p,t) — T, (p, 1, t)|
< |(ay + as + ay) — asl|T,(u, p, t) — T, (p, 1, t)|

< lay + al|T,(wp,t) — Ty (p, 1, t)| (3)
Here, |a; + a,| < 1, above inequality hold.
ﬁTp(#rprt)_Tp(pnurt) =0 (4)

From Egns. (1), (2) and (4), we have
Tp(.urprt) = 0 and Tp(pnurt) = 0
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Sp=p
This completes the proof.

Theorem 3.2: Let complete parametric metric space is

(A,T,)and T:A - A be a continuous then it satisfying

the below condition:

T,(Ta,Th,t) < a;T,(a,b,t)

T,(a,b,t) + T,(b,Th,t)
T,(a,Th,t)

+a,[T,(a,Ta,t) + T,(b,Th, )]

+as[T,(a, T, t) + T, (b, Ta,t)]

T, (@b, t)+T, (b, Th,t)+T,(a,Th,t) (5)

T,(a,Th,t)
where ay, a,, a3 = 0 with @, + 2a, + 8a; < 1 for all
a,be Aand t > 0 .Then T has unique fixed point.
Proof: Let m, be an initial point and a sequence {m;}
such that m; = Tm;_, = T/m,. If there is a point m, € A
such that m; = m;,, then m; is a fixed point. Therefore
there is no need to precede further, Otherwise — m; #
m;,4. Using the inequality (1), we have
T,(a, b, t) = T,(Tm;,Tmj,q, t)< aiTp(mj,ij,t)
+a,[T, (mj,ij,t) + T, (mj+1,ij+1, t)]
[Tp (my, 40, ) + Ty (M0, Ty, )
Tp(m-,ijH,t)

+as [Tp (mj,ij+1, t) +T, (mj+1,ij,t)]

[Tp (mj,mj+1, t) + Tp (mj+1,ij+1, t) + Tp (mj,ij+1, t)

Tp(m-,ijH,t)

< aiTp(m-,ij,t)
+a, [Tp(m-,mj+1, t) + T, (mj+1,mj+2, t)]
[Tp(m-,mj+1,t) +T, (mj+1,mj+2, t)
T, (my, mj,t)
+ as [Tp (m-,mj+2, t) + T, (mj+1, Mmjyq, t)]
[Tp (m-,mj+1, t) + T, (mj+1,mj+2, t) +T, (m-,mj+2, t)]
T, (m),mj,t)

< aiTp(mj,ij,t)
+a; [TP (mj' Mjy1, t) + (Tp (M1, Mjsa, t)]
[Tp(mj'mjﬂ't) +T, (mj+1'mj+2r t)]
Ty (m), M2, t)
+as[Ty(my,mysa, t) + Ty (M1, Myss, 0)]
T (mj,mjs,t)
T, (m-,mj+2, t)

+T, (m-,mj+1, t)][Z ]

< aiTp(m-,ij,t)
[Ty (mj My, t) + T, (111, M4, 1))
+4a3[T, (mjrmj+1r t) + T, (mj+1rmj+2r t)]
T ¢ <a1+a2+4a3T .
p(mj+1rmj+2r ) =1 _4a3 —a, p(mjrmj+1r )
Let h — ll1+ll2+4ll3
1-4az-a,
therefore,Tp(mj+1,mj+2,t) < th(m-,mj+1,t),
Similarly T, (m;,mj,q,t) < hT,(m;_y, mj,t)
Ty(Mjy1,Mj4,t) < 2T, (My_q, m;, 1)
Using iteration up to j times,
T,(mj,mj,4,t) < KT, (mg,my, t)
where 0<h<1 and t>0 =h/ > 0asj— c.Using
lemma 2.5 sequence {m;} is Cauchy sequence. So

3 u € msuch that
m; —> pasj — . Now, we will prove pis a fixed point of

ash<1l h=a;+2a,+8a3<1

Since mj » uas j— c.By means of continuity , we
have
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lim Tm =Tu
Jjooo

limmy,, =Tu
Jj—oo

Then Tu = y, then u is a fixed point of T.
For unigueness, let us consider x and p be the two fixed
point of T foru # p, we have
T, (1 p, t)
< alTp(.ur P t) + a; [Tp (,Ll, T,Lt, t)
T,(up,t) + T,(p, Tp, t
+ T, (p, Tp, t) G przﬂ' T;’,(g P )] + a3[T, (1, Tp, t)

T p, ) + T,(p, Tp,t) + T, (1, Tp, 1)
+ T, (u, T, ][ T.GuTp,0)
Here, u and p are fixed point of T.
Therefore, by given condition, we have
T,(uu, t) =0and T, (p,p,t) = 0
So, above equation become
Tp(.urfz*rt) < a1Tp(.urf2*rt) + 2a3Tp(.urf2*rt)
+ 2a3Tp(f2*nur t)
And (u, p,t) < (ay +2a3)T, (1, p, t) + 23T, (p, 11, )

(6)
Similarly,
Tp(p, i t) < (a1 + 2a3)T, (p, i, t) + 23T, (1, p, t)

]

7

Subtract above two equations, we get ?
|Tp(:ur 14 t) - Tp (phur t)l
< |C{1+20{3 _2a3||Tp(:urp't)_Tp(phur t)l (8)
< |a1||Tp(.urp't) - Tp(pnu' t)l
Clearly, |a;| < 1. So, above inequality holds.
If Ty (u, p,t) — Ty (p,p,t) = 0 9)
From (5),(6)and (8),we have
T,(u,p,t) = 0 andT,(p, pu,t) = 0
2p=p
This completes the proof. T has unique fixed point.
Example 3.3: Consider(4,T,)be a complete
parametric metric space and T:R* - R* be a mapping
,since
T,(x"y"t) =t |x*—y* | such that
x's=1+5 and y' =1+
Therefore, T, (x5, y" 5 t) =t | x"5 =y 5 |
= tll+5-1-3]

1 1
=tl—51=t3

1
1085500 Tp(x"5,Y" 5:t) = 108500 tE =td=0
=10gs5_0 Tp(x*(;,y*s,t) -0
As both, x*s =1 +§ andy*s =1 +Zg
& — co.Hence 1 is the fixed point.

Hence it satisfy all the condition of complete parametric
metric space for t > 0. Note that for Theorem 3.1: a; =

1 1 1 17 1
-,a,=-,a3=-,a, =— ,as =— and Theorem
2] 18

tend to 1as

4 3 9’
1 1
32, =>,a, =—

17 g772 7 46

, a3 = 32

Theorem 3.4: Let (4,T,)be a complete parametric
metric space andt > 0. Let S,T:A - A be a mapping
then it satisfy the condition:

1.T(A) € S(A)

2. S,Tis continuous and

3. T,(Sx, Ty) < ay T, (x,y,t) + az[ T, (x, Sx, t) +

T, (Y, 0)+T, (¥, Ty t)
T, Ty, t)] [A + a3[T,(x, Ty, t) +

Tp(x,Ty,t)
2
T, (4,5%,0)] [{Tp (.Y, +T, (., Ty,t) +T,, (. Ty )}

Tp (x,Ty,t)? ]

(10)
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Where a, +a; +az; = 0withay + 2a, + 12a3 <

1Vx,y€A andt>0. Then prove that S,T has a

common unique fixed point.
Proof: Let m, € Abe any arbitrary point and the
sequence {m}jn ,we have

my = S(mg),my = T(My) ........Myjyq = SMyj,my; =
T(myj-1), we have
Tp(m2j+1rm2j+2r t) =T (Smyj, Tmyjyq, t)
< aiTp(mzj,msz,t)
+a, [Tp(mzj,szj, t) + Tp(m2j+1,Tm2j+1, t)]
[Tp (Maj,majia,t) + Ty (Maji1, T, t)]
T, (s, Ty, t)
+as [Tp(mzj,Tm2j+1, t) + T, (m2j+1,5m2j,t)]
{Tp (MajyMaji1, ) + Ty (Majiy, Ty, t)}z
+Tp(m2j,Tm2j+1,t)
{1y (maj, Tmajan, )
< aiTp(mzj,msz,t)
+0t5 [Ty (M, M1, t) + Ty (Maje1, M, t))]
[Tp (M), Maji1,t) + Tp(Mayji1, Majias t)]
Ty (maj Mz, t)
+t3[Ty (M, Moz, t) + Ty (Maje1, M, )]
{Tp (mzj,m2j+1, t) +T, (m2j+1rm2j+2r t)}z
+Tp(m2j,m2j+2,t)
{1y (maj majaz )
< aiTp(mzj,msz,t)
+a; [Tp (mzj,m2j+1, t)+ Ty (m2j+1rm2j+2r t)]
+ a3[T, My, Mo, t) + T (M1, My, 1) ] [{2)°]
< aiTp(mzj,msz,t)
+05 [T, (Myj, M1, ) + Ty (a1, My, t)]
T (mzj,m2j+1, t) +T, (m2j+1rm2j+2r t)
+Ty (mzj,m2j+1r t)+ Ty (m2j+1r Myjt2 t)
< aiTp(mzj,msz,t) + asz(mzj,m2j+1,t)
+ 12a3T,(myj,Myj4q, t)

[ ]

[ ]

+4a;

<a1+a2+12a3T(m My t)
1— a, — 40{3 14 2 1R2j+10
STy (Myj41, Myjia t) < k(Myj,Myjyq, t)
Where, k = &¥%t2%4 g o p < q
1-a,—4a;
Continue in this way, we have
Ty(Myje1, Majiart) S kHT,(myj,myjp,t) ;0<k<1
k% - 0 asj - c.Using lemma 2.5 sequence {m;}en is
Cauchy sequence. Thus, 3 p€ A s.t{m;} converges
tou. Further the sub-sequence {Smy;} - uand
{Tm,;} - p .Since S,T:A — A are continuous, we have
Su=puand Tu=pu
Then, pis a fixed point of S and T.
=>Su=u=Tpu
Now, for uniqueness pandp be the two-fixed point
of SandT, then we get
Tp( wp, t) = Tp(s wTp, t) < alTp( wp, t)

T,(w,p,t) + T, (0, Tp, t)
+t, [T, (1 S 1 t) + Ty (p, p, ) |2 L

T,(u,Tp, t)
+C{3 [Tp(.ur TP, t) + Tp(prS I t)
T,(wp, ) + T,(p, Tp, t) + T, (1, Tp, )Y

[T, Tp, 0]

Say T, (o t) + [T, (i, t)

T,(1p,t) + Ty(p,p, 1)
p p

+ a3[T,(u,p, t
Tp(,u,p,t) 3[ p(:up )

T,(u 0, ) + T,(p, 0, ) + T, (1, p, 1)}

2
[T, p, )]
Hence T,(u,u,t) =0 an T,(p,p,t) =0
< alTp(:urp't) + a3[Tp(,u,p,t)

+ Tp(p, [

+Tp(p.p,t)

+ T (p i, O

T,(p,t) + T,(1 p, 1))

[Tp(.urp't)]z

< alTp( wp, t) + 4'0{3 [Tp(:urp' t) + a3Tp(pnu' t)]

< (a1 +4a3)T,(wp, 0) + 4asTy (o, t)

To(wpt) < (g +4a)T, (1 p,t) +4asTp (o t) (1)

T,(p, 1, t) < (a; +4a3)T,(p,u, t) + 4a3T, (1, p, t)
(12)
Subtract above two equations, we have
|Tp(.urp!t) - Tp(pnu! t)l
< |C{1 +4az — 4a3||Tp(.urp't) - Tp(pnu' t)l

< lalITy (o, ©) = Ty (p,10,0) (13)
Clearly, |a,| < 1. So, above inequality holds.
ﬁTp(.urp!t)_Tp(pnu!t)zo (14)

From (11),(12)and (14), we have
T,(up,t) =0 and T,(p,u,t) =0
Su=p.
This completes the proof. T and S have unique common
fixed point

IV. CONCLUSIONS

In this paper, we proved two common fixed point
theorems in parametric metric space by using the
various expansive contraction conditions. We found that
this point is unique if the mapping is complete. Further
we proved a fixed point theorem for double maps in
parametric.
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